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Breathing modes of repulsive polarons in Bose-Bose mixtures
Abdelaˆali Boudjemaˆa, Nadia Guebli, Mohammed Sekmane and Sofyan Khlifa-Karfa
Department of Physics, Faculty of Exact Sciences and Informatics,
Hassiba Benbouali University of Chlef P.O. Box 78, 02000, Ouled Fares, Chlef, Algeria.∗
We consider impurity atoms embedded in a two-component Bose-Einstein condensate in a quasi-
one dimensional regime. We study the effects of repulsive coupling between the impurities and Bose
species on the equilibrium of the system for both miscible and immiscible mixtures by numerically
solving the underlying coupled Gross-Pitaevskii equations. Our results reveal that the presence of
impurities may lead to a miscible-immiscible phase transition due to the interaction of the impurities
and the two condensates. Within the realm of the Bogoliubov-de Gennes equations we calculate
the quantum fluctuations due to the different types of interactions. The breathing modes and the
time evolution of harmonically trapped impurities in both homogeneous and inhomogeneous binary
condensates are deeply discussed in the miscible case using variational and numerical means. We
show in particular that the self-trapping, the miscibility and the inhomogeneity of the trapped Bose
mixture may strongly modify the low-lying excitations and the dynamical properties of impurities.
The presence of phonons in the homogeneous Bose mixture gives rise to the damping of breathing
oscillations of impurities width.
I. INTRODUCTION
The experimental realization of ultracold atomic gases
provides a powerful platform for exploring many inter-
esting problems in many-body physics, in particular the
properties of the Bose polaron problem which consists
of an impurity interacts with Bose-Einstein Condensate
(BEC). The polaronic effects are important to under-
stand a wide range of phenomena such as transport prop-
erties of metals, semiconductors, ionic crystals, BEC [1]
and DNA and proteins [2]. The dressing of a particle by
a bosonic reservoir plays a crucial role in many other sys-
tems, such as 3He-4He mixtures [3] and high temperature
superconductors [4]. The observation of Bose polarons
has been reported in many experiments [5–13].
From the theoretical side, the Bose polaron problem
has aroused intense interest [14, 15]. The Bogoliubov-
Fro¨hlich Hamiltonian [16–24] has been succesfully used
to describe the ground state properties of Bose polarons
in the weak coupling regime. Analytical and numeri-
cal studies of beyond-Fro¨hlich polarons have been re-
ported in Refs [25–36] employing different techniques.
At finite temperatures, the properties of polarons have
been addressed using the time-dependent-Hartree-Fock-
Bogoliubov (TDHFB) theory [37–40], diagrammatic ap-
proach [41–43], and perturbative theory [44]. Most re-
cently, we have examined effects of quantum fluctuations
on the dynamics of dipolar Bose polarons [45].
The above studies inspected only the case of impurities
interact with a medium consisting of a single-component
BEC. However, to the best of our knowledge, the physics
of polarons in Bose-Bose mixtures i.e. impurity atoms
immersed in a binary BEC, has not been addressed ex-
cept the work of Ref.[46]. Polarons in binary condensates
allow us to understand, in useful manner, the intriguing
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coupling between the impurities and the two condensates
in the phenomenon of phase separation. Bose-Bose mix-
tures have attracted enormous interest in recent times
due to their exceptional control of the inter- and intra-
component interactions. These structures play a crucial
role for observing new states of matter such as the droplet
phase [47–51]. The phase separation and the miscible-
immiscible phase transition are most important features
of binary Bose mixtures. The mean-field theory predicts
that the mixture can be miscible (mixing between the two
species) or immiscible (phase separation) depending on
whether the miscibility parameter ∆ = g1g2/g
2
12 is larger
or smaller than one, where (g1, g2) and g12 are the bosonic
intraspecies and interspecies interaction strengths, re-
spectively. The phase separation can be affected by the
strength of the interspecies interaction (see e.g. Ref.[52])
and thermal fluctuations [53, 54].
The aim of this paper is to systematically investigate
the static and dynamical properties of repulsive polarons
in homogeneous and inhomogeneous Bose-Bose mixtures
at zero temperature in a quasi-one-dimensional (1D) ge-
ometry. We do this in the spirit of Ref.[26] where numer-
ical and variational techniques were applied to model the
dynamics of polarons in a single BEC. We analyze the
density profiles of the two condensates and the impuri-
ties by numerically solving the underlying coupled Gross-
Pitaevskii (GP) equations for both miscible and immis-
cible mixtures. We demonstrate that the mixture under-
goes a transition from miscible to immiscible phase in the
presence of the impurities due to the BEC-impurity inter-
actions. Such a transition is characterized by a change
in the binding energy of the impurities with their host
and a decrease in the condensate depletion [55]. This
latter is calculated by solving the Bogoliubov-de Gennes
(BdG) equations corresponding to the coupled GP equa-
tions. Furthermore, we determine the effective potential
and the breathing modes of the impurities for both ho-
mogeneous and trapped miscible mixtures. Our study
is based on a variational scheme in the framework of the
2GP regime. We show that the impurities become trapped
in the localized spatial deformation of the condensates.
It is found that the inhomogeneity, Bose-impurity cou-
plings and the miscibility of the mixture may strongly
affect the breathing modes and the motion of the im-
purities. Similar to the single BEC, we find that the
breathing oscillations of the impurities are damped due to
the phonon-impurity interactions. The analytical expres-
sions obtained from the variational ansatz are checked by
a direct numerical simulation of the coupled GP equa-
tions.
The remainder of this paper is structured as follows.
In Sec.II, we present the basic ingredients of the formal-
ism that describes the behavior of polarons in Bose-Bose
mixtures. Section III presents the obtained numerical re-
sults of this model. The equilibrium density distributions
of the two condensates and of the impurity component
are analyzed for both miscible and immiscible mixtures.
In addition, we look at how the interspecies BEC-BEC
and BEC-impurity interactions affect the binding energy
of the system. The total quantum depletion is computed
by a direct numerical simulation of the BdG equations.
In Sec.IV we report on an investigation of the breathing
modes of harmonically trapped impurities inside homo-
geneous and inhomogeneous Bose mixtures in the misci-
ble case. To this end, we use variational and numerical
methods. We quantitatively discuss the role of the inho-
mogeneity, Bose-impurity couplings and the miscibility
parameter in the breathing oscillations of the impurities.
Section V is devoted to the time evolution of the impu-
rities width. In Sec.VI we conclude and discuss future
work.
II. FORMALISM
A. Coupled Gross-Pitaevskii equations
We consider few impurity atoms of massmI embadded
in a two-component BEC with the atomic mass mj in a
quasi-1D harmonic confinement for repulsive impurity-
BEC couplings. In the quasi-1D geometry, the scat-
tering lengths characterizing the intra-species interac-
tions are obtained from the three-dimensional ones via
gj = 2h¯ωj⊥aj , where j = 1, 2 is the species label, aj
is the boson-boson s-wave scattering length, and ωj⊥
is transverse trapping frequency which should be much
larger than the longitudinal trapping frequency ωjx i.e.
ωjx/ωj⊥ ≪ 1. The quasi-1D configuration requires also
that the transverse frequency should be much larger of
the chemical potential. Here the impurities are supposed
to be pinned in the center of the trap. The regime of
a weakly interacting mixture gas requires the correla-
tion length of both condensates ξcj = h¯/
√
mjnjgj to
be much larger than the mean interparticle separation
1/nj [56] and the correlation length of the impurities
ξI = h¯/
√
mInIgI to be much larger than 1/nI . In such a
case the fluctuations and depletion are small, and there-
fore, the dynamics of the system is governed by the cou-
pled GP equations
ih¯Φ˙j =
(
hspj + gjnj + g12n3−j + gIjnI
)
Φj , (1)
ih¯Φ˙I =
(
hspI +
2∑
j=1
gIjnj
)
ΦI , (2)
where nj(x) = |Φj(x)|2 is the density of each conden-
sate and nI(x) = |ΦI(x)|2 is the density of the impuri-
ties, Φj(x) = ψˆj(x) − ˆ¯ψj(x) is the wavefunction of each
condensate, Ψˆj and
ˆ¯ψj are, respectively the total boson
field operator, and the noncondensed part of the field
operator, ΦI(x) = ψˆI(x) − ˆ¯ψI(x) is the impurities wave-
function, ΨˆI and
ˆ¯ψI are, respectively the total impuri-
ties field operator and the impurities fluctuations field
operator. The single particle Hamiltonian for the con-
densates and the impurities are defined, respectively by
hspj = −(h¯2/2mj)∇2+Vj and hspI = −(h¯2/2mI)∇2+VI ,
where Vj(x) and VI(x) are respectively, the Bose mixture
and the impurity trapping potentials. The coefficient gIj
stands for the impurity-boson interaction which can be
determined numerically [10, 46, 57]. Setting gIj = 0,
Eqs.(1) reduce to the coupled GP equations describing
the dynamics of Bose mixtures at zero temperature, while
Eq.(2) reduces to the usual Schro¨dinger equation. For
g12 = 0, one reproduces the standard GP equations em-
ployed for single Bose polarons. The nonlinear term pro-
portional to gI (the impurity interaction strength) is ne-
glected since the number of impurity atoms is assumed
to be extremely small [25, 26, 37].
The static equilibrium equations can be found us-
ing Φj(x, t) = Φj(x) exp(−iµjt/h¯), and ΦI(x, t) =
ΦI(x) exp(−iµIt/h¯), where µj are chemical potentials re-
lated with bosonic components and µI stands for the
chemical potential of impurity atoms. This gives
µjΦj =
(
hspj + gjnj + g12n3−j + gIjnI
)
Φj , (3)
µIΦI =
(
hspI +
2∑
j=1
gIjnj
)
ΦI . (4)
Note that the chemical potential of each species can be
determined from the normalization conditions: Nj =∫
njdx is the single condensate total number of particles,
and NI =
∫
nIdx, is the number of impurities.
The energy functional corresponding to (1) and (2)
reads
E =
2∑
j=1
∫
dx
[
h¯2
2mj
|∇Φj |2 + Vjnj + 1
2
gjn
2
j (5)
+
1
2
g3−jn
2
3−j + g12njn3−j + gIjnjnI
]
+
∫
dx
(
h¯2
2mI
|∇ΦI |2 + VInI
)
.
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FIG. 1. (a)-(c) Density profiles of impurities (red dotted lines), BEC 1 (black solid lines), and BEC 2 (black dashed lines)
for different values of γ1 and γ2, and ∆ = 1.9 (miscible Bose-Bose mixture). (d)-(f) The same but for ∆ = 0.9 (immiscible
mixture). The density of the impurities has been amplified by 10 times for clarity.
The minimum of this energy in terms of the mean dis-
tance between the condensates and impurities dj =∫
dxx [nj(x, t)− nI(x, t)] will give insights into the bind-
ing mechanism of the impurities state. For simplicity, we
assume that the impurities are placed equidistant from
the two condensates. One can expect that the inter-BEC
(g12) and BEC-impurity (gIj) interactions may alter the
binding energy of the impurities with their host.
B. Bogoliubov-de-Gennes equations
The study of Bogoliubov excitations and quantum fluc-
tuations amounts to solving the so-called BdG equations.
To this end, we linearize Eqs.(1) and (2) around static
solutions as Φj = Φ0j + δΦj and ΦI = Φ0I + δΦI , where
δΦj/Φ0j ≪ 1 and δΦI/Φ0I ≪ 1 [25, 38, 51]. Here we
assume that the presence of the impurity atoms does not
perturb the condensate significantly [25]. This yields
ih¯δΦ˙j =
(
hspj + 2gj|Φ0j |2 + g12|Φ03−j |2 + gIj |Φ0I |2
)
δΦj
+ gjΦ
2
0jδΦ
∗
j + g12Φ0jΦ03−jδΦ
∗
3−j + g12Φ0jΦ
∗
03−jδΦ3−j
+Φ0jΦ0IδΦ
∗
I + gIjΦ0jΦ
∗
0IδΦI , (6)
and
ih¯δΦ˙I =
(
hspI +
2∑
j=1
gIj |Φ0j |2
)
δΦI +
2∑
j=1
gIjΦ0IΦ0jδΦ
∗
j
+
2∑
j=1
gIjΦ0IΦ
∗
0jδΦj . (7)
The coupled BdG equations consist of writing the field
fluctuations associated with the two condensates and the
impurities in the form : δΦj(r, t) = ujke
ik·r−iεkt/h¯ +
vjke
ik·r+iεkt/h¯, and δΦI(r, t) = uIke
ik·r−iεkt/h¯ +
vIke
ik·r+iεkt/h¯, where ukj and vkj are the Bogoliubov
quasiparticle amplitudes and εk is the Bogoliubov exci-
tation energy. The resulting BdG equations yield a gen-
eralized excitations spectrum due to the interspecies in-
teractions and the impurities corrections. The obtained
spectrum exhibits numerous quasiparticle properties of
the attractive, repulsive and molecular branches. In the
absence of impurities, the excitations spectrum reduces
to that obtained using for example the TDHFB-RPA the-
ory [51, 54] and found to be composed of two branches:
upper branch ω+ and lower branch ω−. This latter be-
comes complex for ∆ < 1.
The depletion of each component induced by the intra-
and interspecies interactions between condensed bosons
is defined as: n˜j(x) = 〈 ˆ¯ψ†j (x) ˆ¯ψj(x)〉. At zero tempera-
ture, it can be written in terms of the Bogoliubov quasi-
4particle amplitudes as:
n˜j(x) =
∑
k
v2jk(x). (8)
However, the depletion caused by the BEC-impurity
interactions is given by n˜I(x) = 〈 ˆ¯ψ†I(x) ˆ¯ψI(x)〉 =∑
k v
2
Ik(x). The total depletion is defined as n˜ =∑2
j=1 n˜j + n˜I .
In this paper we inspect in particular the impacts of im-
purities on the condensate depletion and on the phase
separation of binary BEC. In the miscible phase, the
condensate depletion increases with interactions while in
the immisicble regime it decreases with interactions [55].
Therefore, the transition from a miscible to an immiscible
phase is marked by a decay depletion.
III. NUMERICAL RESULTS
To be quantitative, we consider few impurities of 41K
atoms in a bath of a mixture of two hyperfine states of
87Rb atoms. Our simulations are performed for a Bose
mixture of equal masses, harmonic frequencies and num-
bers of atoms. The parameters are set to: N1 = N2 =
300 atoms, NI = 5 atoms for impurity, g1 ≃ 2.08×10−37
J.m, g2 ≃ 1.99 × 10−37 J.m [10, 46]. The interspecies
scattering length g=12 can be adjusted by means of a
Feshbach resonance to reach miscible/immiscible mix-
tures. The transverse and the longitudinal trapping fre-
quencies of the two condensates and the impurities are
given, respectively as: ω1⊥ = ω2⊥ = 2pi × 34 kHz,
ω1x = ω2x = 2pi × 62 Hz [10], ωI⊥ = 2pi × 50 kHz,
and ωIx = 2pi × 90 Hz. Lengths and energies are ex-
pressed in terms of l =
√
h¯/mωx and h¯ωx, respectively.
We introduce the dimensionless parameters γ1 = gI1/g1
and γ2 = gI2/g2 describe the relative strengths of inter-
actions.
We then solve Eqs.(3) and (4) numerically for both
miscible and immiscible mixtures. The results are shown
in Fig.1. We see that when the two condensates and the
impurities are decoupled i.e. γ1 = γ2 = 0, the mixture
remains miscible (see Fig.1.a). Moreover, for γ1 > γ2,
the impurities which develop a higher peak density and
a narrower width, create a localized spatial deformation
in BEC1 and get confined inside to it, while BEC2 re-
mains intact (see Fig.1.b). When γ2 > γ1, the situation
is quite the opposite notably BEC2 becomes deformed
while BEC1 is moderately distorted by impurities (see
Fig.1.c). This feature has never been observed yet in the
literature, and can serve as a signature of the miscible-
immiscible phase transition. From Fig.1.a-c, we see also
that the impurities density distribution is slightly reduc-
ing with the BEC-impurity interactions.
Figure.1.d shows that in the case of an immiscible mix-
ture, for γ1 = γ2 = 0, the system preserves its form i.e.
BEC1 is pushed towards the outer part forming a shell
structure around BEC2 [54, 58]. For γ1 > γ2, BEC1 is
Γ1 = 5 and Γ2 = 1
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FIG. 2. Density profiles of impurities strong BEC-impurity
coupling for ∆ = 1.9 (a) and ∆ = 0.9 (b). Parameters are the
same as in Fig.1.
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FIG. 3. (a) Binding energy as a function of the mean
distance d for different values of interspecies interactions
strength g12. Solid line: g12 = 2.14 × 10
−37 J.m. Dashed
line: g12 = 1.67× 10
−37 J.m. Dotted line: g12 = 0.64× 10
−37
J.m. Here the coefficients g1 and g2 are fixed. (b) Binding
energy as a function of the mean distance d for different val-
ues of γ for ∆ = 1.5. Solid line: γ1 = 0.5 and γ2 = 3. Dashed
line: γ1 = 1 and γ2 = 5. Parameters are the same as in Fig.1.
pushed out of the center, but the impurities come near
the center by being pushed by the surrounding bosons,
while BEC2 keeps its form (see Fig.1.e). For γ2 > γ1, the
situation is quite different where BEC2 is profoundly dis-
torted leading to a pronounced spatial phase separation.
Whereas, BEC1 keeps its robustness (see Fig.1.f). This
is most probably due to the interplay of the BEC-BEC
and BEC-impurity couplings. In contrast to the miscible
case, the density of impurities slightly increases with the
BEC-impurity coupling as is shown in Fig.1.d-f.
For strong repulsive BEC-impurity interactions, the
impurity-induced dip, becomes deeper and deeper un-
til one of the two condensates breaks into two frag-
ments, while the second component remains robust and
get trapped entirely inside the first BEC (see Fig.2). This
behavior holds also for polarons in a single BEC [59]. We
observe also that the impurities develop a small structure
at the borders.
We show now that this variation of the density profiles
is correlated with the change in the binding energy of
the system and hence, to the miscible-immiscible phase
transition. As illustrated in Fig.3.a, the binding energy
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FIG. 4. Quantum depletion due to the boson-boson and
boson-impurity interactions for ∆ = 1.9. Solid lines corre-
spond to γ1 = γ2 = 0. Parameters are the same as in Fig.1.
is decreasing with the inter-BEC interaction strength g12
indicating that the impurities start to delocalize. If g12
approaches zero, they could be completely delocalized.
In the immiscible case (g12 = 2.14× 10−37 J.m or equiv-
alently ∆ = 0.9), the impurities are strongly bound in
their bosonic mixture host in particular at small dis-
tances. Figure 3.b depicts that for fixed g12, the polarons
has indeed nonzero binding energy in terms of the BEC-
impuirty interactions γj . Quite striking is the depth of
the minimum increases with γj even in the miscible case
a fact that strengthens the localization of the impurities
in their bath. This dramatic modification of E tells us
that a transition from the miscible to immiscible phase
is occured.
To gain additional insight into the miscible-immiscible
phase transition, we analyze the quantum depletion
caused by both boson-boson and boson-impurity inter-
actions. To this end, we solve iteratively our BdG equa-
tions together with Eqs.(3) and (4). Figure 4.a shows
that the presence of impurities in the two condensates
leads to decrease the total depletion even for ∆ > 1 re-
sults in a transition to immiscible phase. In such a case
the BEC-BEC interaction becomes very weak giving rise
to a small quantum depletion since the condensates sepa-
rate from each othe. Remarkably, the quantum depletion
is around 2.5% of the total gas density which highly jus-
tifies the use the coupled GP equations as is anticipated
above. For typical weakly interacting ultracold Bose gas
experiments the depletion is ∼ 1% [63].
IV. BREATHING MODES
The focus in this section is upon the breathing modes
of Bose mixture polarons in both homogeneous and inho-
mogeneous cases. Our analysis is based on a variational
method and numercial simulation of the BdG equations.
Let us assume that our system to be in the Thomas-
Fermi (TF) regime where the kinetic term associated
with each condensate is negligible. Then Eqs.(3) reduce
to
nj =
∆
(∆− 1)
[
n0j − g12
gj
n0,3−j (9)
−
(
γj − g12
gj
γ3−j
)
nI
]
, j = 1, 2
where n0j = (µj − Vj)/gj is the decoupled TF conden-
sates density. For γj = 0, the two condensates reduce to
their ”decoupled values”, [∆/(∆−1)](n0j−n0,3−jg12/gj).
For γj 6= 0, Eqs.(9) indicate that the BEC-impuirty in-
teractions may lead to shift the two BEC densities from
their decoupled values.
The weak impurity-Bose mixture coupling requires the
inequality:
n0j − g12
gj
n0,3−j ≫
(
γj − g12
gj
γ3−j
)
nI , (10)
which means that the two BEC densities must be larger
than the impurities density. For mixtures having equal
densities n0j = n0,3−j = n0, the condition (10) simplifies
to (1− g12/gj)n0 ≫ (γj − γ3−jg12/gj)nI .
Introducing Eqs.(9) into Eq.(2), one obtains the
extended self-focussing nonlinear Schro¨dinger equation
(NLSE)
ih¯
∂ΦI
∂t
=
{
− h¯
2
2mI
∇2 + VI +
( ∆
∆− 1
) 2∑
j=1
gIj (11)
×
[
n0j − g12
gj
n0,3−j −
(
γj − g12
gj
γ3−j
)
nI
]}
ΦI .
This equation is appealing since it describes the dynam-
ics of harmonically trapped impurity-Bose-Bose mixtures
in terms of the miscibility parameter, ∆. For g12 = 0, it
reduces to the habitual NLSE for a single BEC-impurity
mixture. In the absence of the impurities trapping poten-
tial (VI = 0), Eq.(11) admits an almost exact solution for
weakly localized impurities [29, 39, 60]. It is valid only
for the miscible regime since the TF approximation is
less satisfactory for phase separation. From now on we
consider polarons in a miscible mixture.
Equation (11) can be solved using the following varia-
tional ansatz [26, 45]
ΦI(x, t) = A(t) exp
[
− x
2
2σ2(t)
− iβ(t)x2
]
, (12)
where A(t) is the normalization constant, β(t) is the
phase and σ(t) is the width of the impurity. The
normalization condition
∫ +∞
−∞
Φ∗IΦIdx = NI , yields
A(t) = [N2I /piσ(t)
2]1/4.
6The Lagrangian density corresponding to Eq.(11) is
given as
L = ih¯
2
(
ΦI
∂Φ∗I
∂t
− Φ∗I
∂ΦI
∂t
)
+
h¯2
2mI
|∇ΦI |2 (13)
− VI |ΦI |2 −
( ∆
∆− 1
) 2∑
j=1
gIj
[
n0j |ΦI |2
− g12
gj
n0,3−j |ΦI |2 +
(
γj − g12
gj
γ3−j
)
|ΦI |4
]
.
Then inserting the ansatz (12) into Eq.(13), obtain the
Lagrangian L =
∫∞
−∞
Ldx, and derive the following
Euler-Lagrange equations for the phase and the width
of the impurity atoms
β(t) = −mI σ˙(t)
2h¯σ(t)
, (14)
and
mI σ¨ = −∂V(σ)
∂σ
, (15)
where the effective potential V(σ) reads
V(σ) = h¯
2
2mIσ2
+
mI
2
ω2Iσ
2 (16)
−
( ∆
∆− 1
) 2∑
j=1
{
4gIjN
1/2
I (γj − γ3−jg12/gj)
(2pi)1/2σ
+ 2
(
1 +
g12
gj
)
µj
[
2Γ˜
(1
2
,
R2j
σ2
)
− σ
2
R2j
Γ˜
(3
2
,
R2j
σ2
)]}
.
where Γ(p) =
∫ +∞
0
dx exp−x xp−1 is the Gamma func-
tion, and Rj =
√
2µj/mjω2j is the TF radius of each
BEC. In the quasi-1D regime the inequality Rj ≪ lj
should be satisfied [61, 62]. The normalized lower
incomplete Gamma function is defined as Γ˜(p, z) =
[Γ(p)]−1
∫ z
0
dx exp−x xp−1. The first term on the right-
hand-side in Eq.(16) is the kinetic energy, and the fol-
lowing term stands for harmonic trapping of the impu-
rity. The third term represents self-trapping effects and
comes from the deformation of the mixture due to the
host-impurity and host-host interactions. The last con-
tribution describes the inhomogeneity in the mixture ow-
ing to its trapping potential. Equations (14)-(16) consti-
tute a natural extention of those obtained in Ref.[26] for
a single BEC with impurity.
The low-lying excitations of the impurity are computed
by expanding the width (15) around the equilibrium :
σ = σ0 + δσ, where σ0 is the equilibrium width and
δσ/σ0 ≪ 1 which results in ω =
√
∂2V/∂σ2|σ=σ0 . In
the phase separation regime when ∆→ 1, the frequency
ω →∞ and hence, the system becomes unstable.
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FIG. 5. Homogeneous mixture. (a) The effective potential
from Eq.(16) for several values of γ1 and γ2. Black solid lines:
γ1 = γ2 = 0. Red dashed lines: γ1 = 0.5 and γ2 = 3. Blue
dotted lines: γ1 = 3 and γ2 = 0.5. (b) The frequency of
the breathing oscillations ω/ωI as a function of ∆ for a mis-
cible mixture. Dashed and dotted lines: variational calcula-
tions, ω =
√
∂2V/∂σ2|σ=σ0 . Crosses: numerical simulations
of Eq.(11). Open circles: numerical simulations of coupled
BdG equations. Here lI =
√
h¯/mIωI is the impurities oscil-
lator length.
A. Homogeneous mixture
Let us start by considering impurity atoms inside a
homogeneous mixture. In such a situation, the decoupled
condensates density becomes uniform and the confining
potential (last term in Eq.(16)) can be ignored.
Figure.5.a depicts that the potential V develops a lo-
cal minimum at σ = σ0 revealing the localization of the
impurities in the ground state. The position and the
depth of such a minimum depend on the BEC-impurity
interactions. For relatively large γj , the potential V de-
velops a deep minimum signaling that the impurities are
strongly localized. For instance, for γ1 = 3 and γ2 =
0.5, the potential has a local minimum at σ0 ≃ 0.6lI .
An important remark is that the effective potential is
sensitive to switching relative strengths of interaction
γj . This fact can be straightforwardly interpreted: the
self-trapping term, −4gIjN1/2I (γj − γ3−jg12/gj), which
for fixed value of g12/gj, imparts an additional attrac-
tive/repulsive force on the effective potential shifting the
local minimum either in an upward (for γj < γ3−jg12/gj)
or downward (for γj > γ3−jg12/gj) direction with respect
to the γj = 0 case. The interplay of the intra- and inter-
species interactions (gj , g12), may also affect the position
of the local minimum and hence, the localization of the
impurities.
Figure 5.b. shows that for γ1 > γ2 i.e the BEC1-
impurity interaction is stronger than the BEC2-impurity
interaction, the self-trapping term provides an extra re-
pulsive force results in the frequency of the breathing os-
cillations of impurities ωI inside the miscible environment
increases with the miscibility parameter ∆. Whereas, for
γ1 < γ2, the frequency of oscillations ωI lowers with ∆
since the self-trapping term becomes negative. The vari-
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FIG. 6. The same as Fig.5 but for impurities immersed
in a trapped Bose-Bose mixture. The harmonic frequencies
are given as: ωj⊥ = 2pi × 34 kHz, ωjx = 2pi × 62 Hz [10],
ωI⊥ = 2pi × 50 kHz, and ωIx = 2pi × 90 Hz. Black solid lines:
γ1 = γ2 = 0. Red dashed lines: γ1 = 0.5 and γ2 = 3. Blue
dotted lines: γ1 = 3 and γ2 = 0.5.
ational results and those obtained from the numerical
simulation of Eq.(11) and of the coupled GP equations
(1)-(2) are in good agreement.
B. Trapped mixture
The trap may modify the properties of the impurities
and the self-trapping process. The behavior of the total
effective potential of Eq.(16) is captured in Fig.6.a. We
see that V has a minimum at σ0 >∼ lI whatever the values
of γj . It is flattened near its minimum leading to broaden
the width of the impurity. This is most likely due to the
inhomogeneity in the mixture arising from the external
trapping force. Note that a similar behavior occurs in a
single BEC interacting with an impurity [10, 26]. Fur-
thermore, the BEC-impurity couplings γ1 and γ2 appear
to bring opposite effects on the effective potential as in
the homogeneous case. This property is clearly visible in
Fig.6.a.
Figure 6.b depicts that the frequency of the breathing
modes are decreasing with ∆ for any γj which is in stark
contrast with the homogeneous case where ωI varies in
the opposite way with ∆. The diminution of the oscilla-
tions frequency can be likely interpreted by the fact that
they are dominated by the harmonic frequency. Our nu-
merical and analytical findings show excellent agreement
with each other in the whole range of the excitations
spectrum.
V. DYNAMICS OF IMPURITIES IN A
HOMOGENEOUS MISCIBLE BATH
In this section we will shed some light on the dynamics
of few impurities interacting with homogeneous miscible
bath. We compute the time evolution of the impurities
axial width after a sudden decrease in ωI in the weak
coupling regime by solving the variational equation (15).
Figure.7 shows that the oscillation amplitude and width
of σ are increasing with γ2 and decreasing with γ1. The
impurities oscillate faster for γ1 > γ2. This is in contrast
to the case of polarons in a single component BEC where
the oscillation amplitude of σ found to be large (small) in
the absence (presence) of the BEC-impurity interaction
[10, 26]. To check the obtained variational solutions, we
numerically solve the extended self-focussing NLSE (11)
and the coupled GP equations (1)-(2) using the time-
splitting method [26]. We find that the analytical find-
ings display excellent agreement with our numerical so-
lutions at times tωI ≤ 7, while at larger times there is a
distinct difference between the variational and numerical
calculations. Numerically, the width can be calculated
through σ(t) =
√
〈x2〉.
For γj = 0, one can expect that impurities simply os-
cillate back and forth with oscillation frequency, that is
exactly the frequency of the axial harmonic confinement
for impurity atoms. Similar behavior holds true in a sin-
gle BEC-impurity mixture [45, 57].
More interestingly, Fig.7 shows that the breath-
ing oscillations are damped out. The damping oc-
curs most probably due to the interaction of impu-
rities with Bogoliubov phonons that are created dur-
ing the oscillations of the impurities. This can be
checked easily by means of the standard Bogoliubov
method. Working in momentum space, the Hamil-
tonian of the mixture takes the form: Hˆ = E0 +∑2
j=1
[∑
k
h¯ωkj bˆ
†
kj bˆkj+gIjnj+gIj
∑
k 6=0(bˆ
†
kj+ bˆkj)fkj
]
,
where E0 is the ground state energy, the Bogoliubov
frequencies ωkj can be calculated from the above BdG
equations. In the phonon regime they can be writ-
ten as ωk± = h¯c±k, where sound velocities correspond-
ing to the upper c+ and lower c− branches are c
2
± =
[c21+ c
2
2±
√
(c21 − c22)2 + 4∆−1c21c22]/2 with cj =
√
µj/mj
being the sound velocity of each component. The func-
tion fkj =
√
njEkj/V h¯ωkj
∫
dx|ΦI(x)|2 exp(i.k.x) de-
pends parametrically on the oscillating width σ [10, 26],
where ΦI(x) is defined in Eq.(12). The interaction of
impurities with their upper branch phonon environment
results in dissipation in energy which is responsible for
the damping similarly to the single polaron case [26]. The
lower branch of the spectrum is unstable, thus the inter-
action of impurities with the two BEC may lead to a
dynamic oscillatory instability of the impurity state.
VI. CONCLUSIONS
In this paper we theoretically investigated, for the first
time to our knowledge, the static and the dynamics of
quasi-1D repulsive polarons in Bose-Bose mixtures at
zero temperature. The impurities are assumed to be
pinned in the center of the trap. Within the mean-field
theory we derived self-consistent three coupled differen-
tial equations for the two condensates and the impurities
wavefunctions. Effects of the impurities on the miscibility
of the mixture has been studied in details by numerically
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FIG. 7. Dynamic evolution of trapped impurities axial width
in homogeneous miscible Bose mixtures for different relative
interaction strengths γj . Parameters are the same as in Fig.5.
Dashed lines: Variational results of Eq.(15). Crosses: numer-
ical simulations of Eq.(11). Open circles: numerical simula-
tions of coupled GP equations (1)-(2).
solving such equations in the static case. The outcomes
of this simulation revealed that the impurities lead to
modify the shape of the two condensates and the bind-
ing energy of the mixture polarons. We found that at
certain BEC-impurity interaction strengths, the mixture
undergoes miscible-immiscible phase transition. In such
a transition the total depletion is lowered and the impuri-
ties becomes markadly bound with their bosonic mixture
host. This important feature has never been observed
before in the literature.
On the other hand, we studied the breathing oscilla-
tions and the time evolution of a harmonically trapped
impurity in homogeneous and inhomogeneous dual BECs
in the framework of the TF regime. The validity criterion
of this approach has been accurately established. We de-
rived a self-focussing nonlinear equation describing the
time evolution of such a system. Employing a suitable
variational ansatz, we computed the effective potential
and the breathing oscillations of the impurities in terms
of the miscibility parameter for both homogeneous and
inhomogeneous baths. Our results pointed out that the
BEC-impurity interactions, the trapping force and the
miscibility parameter may strongly affect the localiza-
tion process and the breathing oscillations frequencies of
the impurities. For instance, in the case of impurities im-
mersed in a homogeneous Bose mixture, we pointed out
that upon swapping the values of γ1 and γ2, the breathing
frequency varies in the opposite way with the miscibility
parameter. Whereas, in the inhomogeneous case the im-
purities oscillations are continuously decreasing with ∆
for any γj due to the external harmonic force. The vari-
ational frequencies agree quite well with those obtained
from the BdG equations.
Moreover, we deeply analyzed the time evolution of the
impurities width. We found that the breathing modes of
the width display a strong dependence on the relative
coupling strengths γj and on the miscibility parameter
∆. Their amplitudes are reduced for larger times due
to the phonon-impurity, BEC-BEC and BEC-impurity
interactions. Our analytical results have been checked
through comparison with a direct numerical simulation
of coupled GP equations.
Experimentally, the existence of polarons in Bose-Bose
mixtures can be demonstrated by using radio frequency
spectroscopy technique, utilized for single Bose polarons
(see e.g.[13]). Our results open new avenues to inves-
tigate impurity transport in multicomponent Bose sys-
tems. They offer fascinating prospects for exploring new
exotic molecular bound states due to the coexistence of
several sorts of coupling interactions. One should stress
that the present work can be readily extended to the case
of attractive Bose-impurity couplings. In future work we
will attempt to highlight the role impurities play in mix-
ture droplets [47–51, 54].
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